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1. Introduction

The pure spinor formalism of superstrings [fl] and the Green-Schwarz (GS) formalism [2]
are synoptical, in that both are based on the embedding of the superstring world-sheet into
the target superspace and have manifest supersymmetry. The deep relation between the
two approaches is discussed in [B-[]. The pure spinor approach has the great advantage
over the GS one to allow for a consistent and covariant quantization of the superstring.
The GS approach cannot be quantized covariantly due to its peculiar x-symmetry [f] which
cannot be gauge fixed in a Lorentz covariant way. In the pure spinor formulation the x-
symmetry is replaced by a symmetry generated by the BRST charge @ = ¢ A*d, where
A% is a pure spinor.

One of the main applications of the pure spinor formalism is the construction of string
actions on supersymmetric backgrounds [[, B, ff], including those with Ramond-Ramond
fields like anti de Sitter space-times [d]. A common feature of both approaches in curved
backgrounds is that, in the associated o-models, the requirement of invariance and nilpo-
tence under k-symmetry in one case [[(] and under the BRST symmetry in the other
case [f, ], implies, to zero order in o/, constraints for the background torsion and curva-
tures that force the background fields to be on shell.

A relevant question in this context is to understand and compute the corrections to
these constraints to higher order in .

There are two ways to study these corrections for the GS superstring. The first method
computes the relevant S-functions and imposes that they vanish to reach conformal invari-
ance at the quantum level. The vanishing of the (-functions determines the corrections
to the background field equations [L1]]. The second method is cohomological in nature:
it classifies and then computes the anomalies of the BRST x-symmetry. These anomalies
determine the o/ corrections of the torsion and curvatures constraints [[3—[4]. The equiv-

alence of the two methods becomes clear if one notices that the square of the k-symmetry



transformations produces a Weyl-Lorentz (i.e. conformal) world-sheet transformation. It
is remarkable that correction of order n in o/ in the conformal approach appear at order
(n — 1) in the cohomological approach.

Since the pure spinor formulation describes a critical string, one expects that the
conformal invariance is preserved on shell also at the quantum level and the S-functions
vanish [[L5, [[d]. However, as discussed in [[f], the vanishing of the S-function is not sufficient
to determine the corrections of the field equations. It turns out that the holomorphicity of
the BRST current and the nilpotence of the BRST charge are also needed. Equivalently
one can apply the cohomological method and study the anomalies of the BRST symmetry
generated by Q.

For the heterotic string, both in the GS and in the pure spinor approaches, the con-
straints that arise at zero order in o describe a model where the B-field is decoupled from
the gauge sector. Then, at first order in o/, one expects a correction related to the gauge
and Lorentz Chern-Simons three-form, in order to cancel the gauge and Lorentz anomalies
by the standard Green-Schwarz mechanism [[[7].

In the GS formulation, this correction was indeed found, as an anomaly of the k-
symmetry, for the Yang-Mills Chern-Simons form in [[J] and for the full (gauge and
Lorentz) Chern-Simons form in [LJ]. The coefficients of this anomaly has been explicitly
computed in [[14], in agreement with the GS anomaly cancelation mechanism. One should
notice that in order to implement the consistency condition for the Lorentz anomaly, a
theorem to obtain a solutions of the SUGRA-SYM constraints in presence of the gauge
and Lorentz Chern-Simons forms has to be used [[§-P().!

In this paper we consider the problem of determining the o corrections of the heterotic
string o-model, in the framework of the pure spinor approach, looking for the BRST
anomalies at the cohomological level. In particular we shall obtain the full expression of
the anomaly related to the gauge and Lorentz Chern-Simons three-form, which arises at
first order in .

In the next section we will review the pure spinor construction for the heterotic string
in a generic SYM/SUGRA background. In section 3 we determine the form in which the
theorem of [L] is implemented with the constraints for background fields of [{{]. In section 4
we propose a one-loop anomaly for the BRST symmetry and show that it is cohomologically
non trivial. Finally, we end with a conclusion section. Before finish this section, we shall
introduce our notation.

1.1 Notation

Our normalization for n-(super)forms is
1 1
F= deMl o dZMEyp g = EEAl . EAFy 4, (1.1)

where ZM are the ten dimensional N = 1 superspace coordinates, E4 = dZMEy4 are
the supervielbeins. We use latin letters for vector-like indices, greek letters for spinor-like

LA procedure to obtain corrections to SUGRA/SYM system order by order in o/ was done in [E]
Unfortunately, this approach, as developed in @], leads to inconsistencies (see [@])



indices and Capital letters for both. Letters from the beginning of the alphabet denote flat
(Lorentz) indices and letters from the middle of alphabet are for curved ones. Once a set
of supervielbeins is specified, an n superform can be decomposed as

F = ZFp,q, (1.2)

where F), , denote the component of F' with p vector-like vielbeins and g = n — p spinor-like
vielbeins.

2. The heterotic string action

The sigma model action for the heterotic string in a SUGRA /SYM background in the pure
spinor formalism is given by [ﬂ]
1

1. 1 _,=B =
§S== /dzz [inaﬂ Nab + §HAH Bpa +wa VA® (2.1)

o (T + T W) + T4 A4 T+ Nws T Ure®| + Sy + Ser,

where (HA,ﬁA) = (0ZMEA,0ZMEy?), X is a pure spinor and w, is its conjugate
momentum. The covariant derivative for the pure spinor \® is given by VA® = 9\~ +
NozZMQ Mm%, where () wo” is the connection for the structure group and it has the form
Qo = Qg‘s/l)éaﬁ + iQMab(vab)aﬁ. The world-sheet field d,, has conformal weight (1,0) and
plays the role of generating translations in superspace. 7 (I =1,...,496), with conformal
weight (0, 1), are the currents of the gauge group, SO(32) or Eg x Eg and dZM Ay is the
gauge group connection. S is the free action for the heterotic fermions. The superfield
W7 has the gaugino as the lowest component and U 16° contains the field strength for the
gauge boson in its lowest component. Finally, Spr is the Fradkin-Tseytlin term given by

Spr = /d2z r®a, (2.2)

where () is the world-sheet curvature and ® is the dilaton superfield. Although the
Fradkin-Tseytlin term breaks the classical conformal invariance of the action (R.1]), it helps
to restore it at the quantum level as it was shown in [[l§] in the one-loop case. Note that the
dilaton superfield is related to the Weyl part of the curvature connection as V,® = 49((; ),

Besides the action (P.1]) being classically invariant under conformal transformations, it
is invariant under gauge transformations and a pair of Lorentz transformations acting on
the background fields. These two Lorentz transformations act independently on the bosonic
local indices, e.g. 611 = I1°2,%, and on the fermionic local indices, e.g. ddy = —Eaﬁdﬁ.
Both Lorentz transformations can be identified as it is done in [f].

The pure spinor superstring has a very important symmetry, it is invariant under the
BRST-like pure spinor transformation [] generated by the pure spinor BRST charge Q =
$ X%, As it was stressed in [, one must demand that also the action (.1) is invariant

under this symmetry. By demanding nilpotence and world-sheet time conservation of @,



the action (R.1]) turns out to be invariant if the background superfields satisfy suitable
constraints which determine the SUGRA/SYM equations of motion for them. Nilpotence
is achieved by demanding

AN 5 = NN H 54 = XN Frop = AN XY R,5,° = 0, (2.3)

where T4 is the torsion 2-form, H = dB, F is the field-strength two form and R, is the
curvature two form. We use the notation of [[J. The charge conservation can be obtained
by determining the equations of motion of (R.1I]) and then imposing d(A%d,,) = 0 [fl] or by
demanding invariance of (2.1) under the BRST transformations [§]. In this case, the action
transforms as

1 1 _ 1 Y .
QS = / d?z {ivnan”(Ta(ab)+Hbm)+§vnﬁn (Hpaa — Thaa) + \dgIT " To0”
XN T Ry + 1T 2 ;
- o acf + AT §(Hozﬁa + Taﬁa)W[ - Flaa
_ 1 —
+aemf ! <§HQB,YW? - Flaﬁ> AT (Ure? = W) T, — Vo WP
XN (Vo U + WfR(;aﬁV)] . (2.4)

As it was shown in [ff], the nilpotence constraints (R.3) and the vanishing of (£.4) allow to
write the following constraints for the torsion and curvature components

Taaﬁ = Taﬁfy =0, Taﬁa = ’Yg[% Tozab = 2('7(1{))06[3957 (25)
Hogy = Hapy — (Ya)gy =0, (2:6)
Frap =0, (2.7)

where ~7 5 and (y*)*? denote the usual Pauli matrices, i.e. the off-diagonal blocks of the

Dirac matrices, so that they are symmetric in (a, ). Besides, Bianchi identities imply

that the torsion component Ty = 1eqTap? is completely antisymmetric [@] Note that the

torsion component 1,37 can be set to zero only after the use of the ‘shift’ symmetry of [.
Note that in (R.4), the field equation

o+ 7'we =0, (2.8)

which follows from varying the action (R.I) respect to the world-sheet field d,, has been
used.

Finally one must require that the action (R.I]) is also invariant under the “w-symmetry”
dwa = (Y*N)aAg, where A, are local parameters, which implies that

Ure? = Urdo” + Urap (7).

A natural question to be addressed at this point is the quantum preservation of the
symmetries of (.1). In particular, the possibility of finding o’ corrections to the constraints



of (.J) and those from the vanishing of (R.4). Let us first discuss the gauge and Lorentz
anomalies.?
The anomaly for the local symmetries is

1 _ 1 — _
Ol = / d?z [5(8141 — 9Ar)er + (09 0%, (2.9)

where T'o is the effective action (i.e. the generating functional of 1PI vertex functions), e
and X% are the parameters of the gauge and the Lorentz transformations respectively and
A[ = 8ZMA[M,Z] = EZMA]M, Qab = 8ZMQMab,§ab = EZMQMab. It is also possible the
presence of terms like

/sz doW0er,

which can be eliminated by adding suitable counterterms. There is also a potential anomaly
associated to Q(*). However, this contribution vanishes because Q%) appears in the combi-
nation Q) + jIUI which is zero on-shell [[L5].

Since the quantum theory cannot be anomalous under a local symmetry, the expres-
sion (R.9) must be canceled by the standard Green-Schwarz mechanism [[[7. It is done by
allowing the B two-form superfield not to be inert under gauge and Lorentz transforma-
tions. It has to transform as

1
0B = —d/ (dAm + ianbzab) (2.10)

In order to assure gauge and Lorentz invariance of the B field strength H one must

define it as ,

H=dB— %w@s), (2.11)
where w(©9) is the Chern-Simons three from given by
2 2
w9 = tr(AdA — §A3) + Q%d0y, — gaababcw, (2.12)
and satisfying
dH = tr(FF) + R® Ry, (2.13)

Note that H in (R.11]) is defined up to a gauge and Lorentz invariant three-form.

The classical constraints coming from (R.J) and the vanishing of (.4) lead to dH = 0
and therefore have to be corrected. These corrections arise as anomalies of the BRST
symmetry generated by the nilpotent charge @), that is, if we define

QT = o' A, (2.14)

A is a non trivial cocycle of the cohomology of @, in the space of local functionals of ghost
number 1. Then from the previous discussion it is expected that A will contain a term

1 —
A=3 / &z AT W) 4 (2.15)

2The following paragraph is based on discussions with N. Berkovits and V. Pershin.



which modifies the definition of H since the variation of the term involving B in the
action (R.1) is proportional to

/ d2z \°TITT” (dB) p Aq.

In the next sections we will determine the complete form of (R.15) by studying the condi-
tions coming from QA4 = 0.

3. The cohomology and an useful theorem

Let us start from (R.15) and compute its BRST variation. Any variation of the Chern-
Simons term showed in (R.15) is

5 / &2 AT W) = / %z 62M EyO N IATL (dw'©9)) g age
because w(©®) is a three-form. Now we recall the BRST variation for Z™ to be 3]
oprsrZ™ = QZM = X\*E,M,
then we obtain
QA = / 42z %)\O‘)\BHAﬁB(dw(CS))BAaﬁ T (3.1)
= / B2z \NTATTY (FIFI + % Rab Rab> P
BAaf

where we have used dw(©®) = tr(FF) 4+ R®R,,. We will fix the --- terms to make this
expression to vanish.

It follows from the constraint Fy,g = 0, that the 4-superform FjFj vanishes in the
sectors (0,4) and (1,3) (i.e. in the sectors with 4 or 3 spinor-like local indices ). Moreover
in the sector (2,2) (F1Fr)paap has the following structure

(FIFI)baaB = (’Y[a)M('Yb])B(SWgWg (3.2)

As it will be shown in section 4, this structure is essential to compute the anomaly for the
gauge part in (B.1) . The curvature part in (B.1) could be treated similarly if the index
structure were the same. Unfortunately, it is not the case with the constraints of (P.3)
and (R.4). However there exists the following result. It was shown in [L3, [4, ] that with
a different set of torsion constraints [IJ (the gauge part has the same constraints) that

R™R, =dX' + K, (3.3)

where the three form X’ and the four form K are Lorentz invariant. They were determined
in [I9]. The main property in (B.J) is that the four form K vanishes in the sectors (0,4)
and (1,3) and that in the sector (2,2) has the same structure than (F7FT)apag, that is

Kabaﬁ = (V[a)a'y(f}/b])ﬁé[(wsy



with K70 = — K%, This property will be crucial to determine also the Lorentz part in the
BRST anomaly.
In order to use this result we should relate the Berkovits-Howe constraints to the ones

of [L9]. Now it will be shown that there exists a redefinition of fields which makes the job.
We redefine the vielbein one-form as

1
E%=¢ 3%, ' = 5® (EO‘ + gE“fyfj‘ﬁVBCI)>, (3.4)

and the components of the Lorentz superspace connection one form as

Q:zb = Qap + Aap, (3.5)

where 1 1 1
Ao = 5BV @ - EECyjﬁvavﬁ@ - EEa(yab)aﬁvﬁqx (3.6)

In components, these transformations imply the following torsion constraints

11
To/é,@a = fyg,ﬁ” TIBA/ = To/zab =0, TGI,CMB = _QG(ID(Va'Yde)aﬁTbcda (3-7)

« 3
where

1 4
Tbed — %’)’;fd <V7V5(I) + g(V«ﬁD)(VﬂD)),

which correspond to a set of constraints used in [[J to show the theorem (B.J).
Now we can use (B.5) to rewrite (B.3) for the Berkovits-Howe constraints. In fact,

RPRy, = RR!, — (2R A% + Ay, VA™), (3.8)
Therefore, we have shown that
R®Ry, = dX + K, (3.9)

where

X = X' — 2R A™ — Ay, VA,

4. Quantum BRST invariance

From the discussion of the previous section it is expected that the anomaly is

1 _
A=3 /d2z ATAT Gpaa + -, (4.1)
where
&=w®_Xx, (4.2)
and
do =1L,
where the closed 4-superform L is
L =2F;F; + RyyR™® —dX = 2F/F; + K. (4.3)



Note that L vanishes in the sectors (0,4) and (1,3) and in the sector (2,2) its flat compo-
nents have the following structure

Lyaas = (Va)ay (W) gs L7,

where
L% = K% L wew?, (4.4)

Moreover LY belongs to the 120 representation of the Lorentz group and therefore can be
written as

LAY = P pabe, (4.5)

The BRST variation of A will be of the form
1 [ o \a\BuATB
Q.A:§ d“z N NI Lpgag + - - - (4.6)

In the case of the GS heterotic string the analogous of ({.1) (without ---) is the all
story. Indeed in this case, the anomaly and its variation are still given by ([£1)) and ([£.6)
but with A% replaced by 6k,II°/%. With this substitution (£.6) (without ---) vanishes
(modulo the Virasoro constraint) and (f.J) (without ---) is the full consistency anomaly.

For the pure spinor string one must supplement the first term in the r.h.s. of (1) with
further terms (represented by the --- ) in order to recover a consistent anomaly. We shall
show that the pure spinor BRST anomaly is

1 @ =B ~ a1 =0 @ —=a
A= / d*z NTATT Gpaa — X (Ya)ay L7 — NN w I (a) 3, Vo L7P], (4.7

For that we must compute the BRST variation of A and show that QA vanishes. The
relevant BRST transformations are [§]

QI = 54V — NPT, 4, QA =0, (4.8)
Qdy = NTI(a) po + NN wsRas,°,

and [fl, 3]
Qua = dy(0) — K74), (4.9)

«

where 1
Ko = ) (YY) (Ma)a

v

and Y, = Wl SO that (Y'\) = 1, v, being a constant spinor . Note that although we have
added a non covariant object, namely I, the final result is covariant. Now it will be shown
that the anomaly (P.15) is invariant under the symmetry transformation dws = (74A\)a A%
Then, the term d, K7, in (f.9) does not contributes and ([.9) can be replaced by Qua = da.
To prove this consider first the gauge part in (R.15). After using Van = Uj,”, we obtain

1
Va(W/W7) = U Wy + ZUr (ra)al W7,



then plugging this into the variation under dw, = (7,A)oA® we find that A varies as the
integral of

TT¢ y o 1 o c
NN (u)sa ) (U] + el WU

TT¢ \ 1 C
= AT A NN [(V[a)aﬁ(%})wUIWIp - Z('ch'Y[a)aﬁ('Yb])valdWIp :

which vanishes because the pure spinor condition.
Similarly, for the K-part we need to use the result [[L9] and the mappings (B.4), (B.5).
We first define K% = ’yfch abe t6 obtain

VoK = ()T K e + 200 KO — (475 (7,90 K25,

where
v/oél(vabc = (W[a)aﬁKbc]ﬁ,

as it was shown in [[J]. Plugging this into the variation of (2.15) under the pure spinor
gauge transformation, we obtain that the variation of (R.13) becomes the integral of

Abﬁél)\a)\ﬁ)\v (Wabcde)(aﬁryf/w (Kde<5 + ,yipKdengs) ),

which vanishes because of the identity

1
(Vabede ) (@875)p = =5V (ap (VabdeVe)y)ps

and the pure spinor constraint.
Now let us compute QA. It is not difficult to obtain, after using ([£.6)), that

1 =a
QA = 3 /d2z ()\a)\ﬁd,yﬂ [—Taaﬁ(’Yb)gpLﬂm + va((’Ya)ﬁprp) _ (’Ya)apvalﬂp] (4.10)
AN NS [Taa” (1) 8o VAL = Va((1a)p VL) + Rpaﬁ5(7a)voLpa]>'

If note that Vo(v4)sy = 20 )(Va)ﬁw the Fierz identity for the gamma matrices and
the pure spinor condition, then the first line in (4.1() vanishes and we are left with the

expression from the last line that contains
A NINY[R 0’ L7 4 Vo VL) (Vo) o (4.11)
If we symmetrize in (af3), use
{Va, VL = ~Tog*V AL + L% Rop,’ + L% Rus,”,
and the Bianchi identity R(agp)‘S = 0, then we obtain that (f.11]) is proportional to
XNX Rag,” (o (4.12)
But

1
Rapp” = 05 Rag + 7(4")p" Rappe-



If we plug this expression into (§.19), we see that R,3 does not contribute because it
contains a term like Yag- Analogously R,gp. is expressed in terms of a term along 7‘0143,
which again does not contribute, and a term along vpc4er. We note that this contribution
also vanishes because of the identity

(o 1 g
(YY)t (Wede) ) = (V7)o" Vo (o Voedes) gy = 5 (9a7")o” (VeVodef)r(a Vi)

Therefore we have obtained

QA=0. (4.13)

The anomaly A in (R.15) can be absorbed by relaxing the torsion and curvature con-
straints that follow from (R.3) and the vanishing of (B-4) and by modifying them. In fact
we can impose

1 1 _ . 1 0~
QS — OCI.A = J /dQZ [iAaHaHb(Ta(ab) + Hbaa) + 5)\041‘[51‘[ (Hﬁaa — Tﬁaa) (4.14)
—7/({1 ~ — ~
P <§(Haﬁa + Tapa) W} — FI‘"’) = AT (W] Ho + Frag)

AT (Ura® = W) Tya? — VaWP) + AN w (VoUra” + WP Rsag”)
/

/
+)\ad6ﬁa (Taaﬁ - %(’Ya)om/[fﬁ,y> - )\a)\ﬁﬁa (Raa,@,y - %(Va)é(avﬁ)L,y(S)] = 07

where we have defined

O/

H=dB - ~ 0. (4.15)

Equation (f.14) means that the structure of the anomaly is such that a violation of
the BRST invariance of the classical action S, represented by a change of the constraints,

can be chosen so that it cancels the anomaly, as in the GS mechanism.
It follows from ([f.14)) that the constraints

Taﬁ’y =0, Taﬁa = 7367 Tozab = 2(’Yab)ozﬁ9ﬁ Flaﬁ =0,

remain the same. Only the constraints (R.f) are changed in the sense that it is H and not
H that satisfies these constraints. All the other components of the torsion and curvatures
follow from the Bianchi identities. In particular

/

(6
Taaﬁ = E(r)/a)chﬁ’ya

and
AN Ru0s? = /AN (70)5a VL0,

in agreement of the last two terms of ({L.14).

We expect that the corrections we have found will induce a correction in the nilpotence
of the BRST charge, at the one-loop level, that consists in replacing H with H in the second
constraint in (R.3).

,10,



5. Concluding remarks

In this paper we have obtained the corrections of order o’ for the constraints of the o-
model of the pure spinor heterotic string, that implement the GS anomaly cancelation
mechanism. They arise as anomalies of the BRST charge. In fact, having worked at a
cohomological level, we have obtained the general form of these corrections, which depends
on two unspecified constants: one in front of the gauge anomaly and one in front of the
Lorentz one. These constants are fixed as in (R.15) by requiring that the variations of
B under gauge and Lorentz transformations, induced by this BRST anomaly, cancel the
gauge and Lorentz anomalies (R.9), according to the GS mechanism. It could be interesting
to check these values of the constants by an explicit one loop calculation.

We have obtained our result in the framework of the set of constraints found in
starting from (R.1]). A redefinition of the supervielbeins and superconnections leads to a
different but equivalent set of constraints. Of course the redefinition changes the o-model
action (R.1]) but the new action is equally suited and gives rise to equivalent results. For
instance the redefinitions (B.4) and (B.5) lead to the action

1 2 1 2P a0 1 AB A I VA
S = —/d z |:§€3 II Hnab—i-—H II"Bpa + 117 AjaJ + wo VA

a/
+dq < + 7 Wi _§H 735V5<I>> —i-)\o‘wg(J Ulaﬁ‘i‘ I AAab(’Yab) 6)]
+S5 + Sk,

Wy

where A% is the one form (B.6) expressed in terms of E'4 (in this equation the suffix
is suppressed).

Notice that a change in the action S not only changes the constraints coming from
the vanishing of (R.4) but also induces changes in the definition of d, and therefore gives
rise to possible changes in the nilpotence motivated constraints (£.J). Also notice that
the anomaly A is defined modulo a trivial cocycle that amounts to a modification of the
action corresponding to an (o/-dependent) redefinition of supervielbeins, B-superform and
superconnections [R4].

In [25, 4], (see also [26]) an interesting set of constraints is proposed. For this set,
the curvature R% in the sector (0, 2) vanishes at the classical level (zero order in o) and
the 3-superform X is of order o/ 50 that it does not contribute in H at first order in o'
Then ([L13) looks as H = dB — w(©S) — o/2X.

As it was shown in [Ig], the expllclt solution of the Bianchi identities in the presence
of the superform X leads to an unexpected and, at first sight, unpleasant feature: the
solution contains poles that represent spurious states of negative norm (poltergheists) at a
mass of the order 27 where & is the v.e.v. of the dilaton. The poltergheists are the signal
of a conflict between our requirements of supersymmetry, locality and unitarity (absence
of anomalies). However one should not worry of them. Indeed the spurious poles arise at
a very high mass in a region of energy where our perturbative expansion in o' is clearly
unreliable. This is similar, after all, to what happens in the well-known low energy effective
actions of gravity with terms quadratic in the curvature, which also contain poltergheists.

— 11 —



Notice that in the set of constraints of [R5, P4], X does not contribute at first order in o/
and therefore the spurious poles appear only at higher orders. Moreover the spurious states
can be decoupled at any finite order in o/, at the expense of locality, by solving recursively
the relevant equations, as discussed in [[L9].

As a last remark, let us notice that the cohomological method of this paper could be
used to search for anomalies and corrections of the constraints, for type II superstrings
and/or for heterotic strings at higher order in o/. In particular it should be interesting to
search for the anomaly at the order o/ that corresponds to the celebrated “R*” term in
the action and would provide for the supersymmetrization of this term. Previous attempts
in this direction (for the heterotic GS string) are in [27]. Note that the complete R* terms
for the type II superstrings were obtained recently in [R] by using tree-level scattering
amplitudes in the pure spinor formalism.
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